The hybridisation of fibres reinforced laminates, i.e., the combined use of two or more families of fibres, is an effective technique to achieve a pseudoductile response and overcome the inherent brittleness which limits the wider use of composite materials. In this paper, a one-dimensional analytical model for unidirectional hybrid laminates is derived. The model considers two elastic-brittle layers bonded together by a cohesive elasto-plastic-brittle interface. This formulation is applied to the study of the de-bonding and fracture of laminates under uniaxial loading and the results compared to experiments available from the open literature. This study shows that the proposed model provides a close fit to the experimental data and it is able to match accurately the crack patterns seen in the experiments. The model predicts four different failure mechanisms and is able to discriminate among them according to the geometrical and mechanical properties of the layers.
Introduction
Although composite materials are increasingly used in all fields of engineering, their inherent brittleness is a significant issue that limits their wider use. Uni-Directional (UD) composite laminates are prone to a catastrophic failure when the ultimate tensile stress is reached. As a consequence, when used in applications for which the loading conditions are unpredictable, high safety coefficients are adopted with the drawback of drastically reducing their cost effectiveness. Thus, it is not surprising that most of the research in this field has been devoted to overcome this fundamental limitation and several strategies to improve the material ductility have been proposed including the use of ductile [6] or tapered fibers [25] , woven or braided fabrics [11, 12, 20] and more generically the use of hybrid materials [22, 21, 9, 24] .
Among the others, the hybridisation of continuous fibers has been successfully applied to obtain a pseudoductile response in thin-ply laminates [8] . This technique is based on the combined use of two or more families of fibers, e.g., carbon/glass fibers, with different mechanical properties tuned to drive the failure of the interface within the plies and achieve the pseudoductile response much sought after.
All these techniques, however, ask for reliable models able to predict correctly the material behavior and guide the experimentalists towards the definition of new layups. Over the years, several idealised models were proposed in order to predict the strength of composite laminates [27, 18, 26] and have proved to be able to qualitatively match the experimental curves. In [10] the strength of a structural member composed by two elastic layers bonded together by an adhesive layer is estimated by following an analytical approach. Similarly in [16, 17] strength and fracture patterns observed in a bilayer system subjected to thermal expansion are studied. Many works have investigated the strength of structural members reinforced with hybrid laminates through 1-D or 2-D numerical simulations [5, 23] . More recently finite elements simulations were carried out in [13] to simulate the interface between two plies with different strengths by using cohesive elements; the authors introduced a Damage Mode Map (DMM), i.e. a 2D plot which describes the different failure scenarios in terms of the geometric properties of the layup. Four different failure mechanisms were accounted for all terminating with the failure of the high strength layer, namely: (i) diffuse delamination, (ii) multiple fractures of the low strain material, (iii) fragmentation in the low strain material followed by diffuse delamination, (iv) premature failure of the high strain material. All these failure modes are indeed experimentally observed which proves the map to be an effective design tool to aid the development of new composite layups. Based on previous results, the same authors proposed in [14] an analytical model: the main underlying hypothesis was assuming the interface to have a perfectly plastic response. From one hand, this choice allowed the derivation of a closed form expression of the ultimate tensile stresses in terms of the laminate parameters; from the other hand, it underestimates the typical crack length and requires the use of complex stochastic tools to predict the crack evolution in the low-strain layer.
In this work, we aim at providing a more accurate description of the laminate failure mechanisms by enforcing a simple yet effective cohesive law of the interface. Such a choice is representative of the real material and in fact leads to a more accurate prediction of the stress evolution within the laminate as well as of the crack spacing length observed in the experiments [7] . Moreover, the cohesive law removes the indeterminacy of the crack locations in the low strain layer, which is usually overcome in rigid-perfectly plastic models by enforcing a stochastic distribution of the material parameters. A closed-form expression of the damage mode map is also derived to describe the different failure mechanism seen in the experimental data.
The plan of the paper is as follows. In Sec. 2 the overall laminate problem is introduced and it is shown that it can be reduced to the study of a unit-cell representative element. In Sec. 3 the response of the unit-cell subjected to an imposed external displacement is analyzed and the results are used in Sec. 4 to obtain the response of the entire laminate and highlight the different failure mechanisms that could occur. A comparison between the proposed model and the experimental results available from the open literature is carried out in Sec. 5. Finally conclusions are drawn in Sec. 6.
Position of the problem
The UD hybrid laminate considered in this study is made of two homogeneous elastic-brittle layers with different failure strains and periodically alternating through the thickness Fig. 1a .
Due to the periodicity of the structure, the mechanical response of the laminate can be analysed by studying in a one-dimensional setting the response of the semi-periodic slice in Fig. 1b with length L and thickness h L; this slice consists of two layers with heights h 1 and h 2 respectively, bonded together by a cohesive interface whose thickness is assumed negligible. The first layer Ω 1 , denominated high-strain layer, has a higher failure strain compared to the second layer Ω 2 , therefore denominated low-strain layer. The hybrid laminate, and hence the semi-periodic slice, is subjected to a prescribed displacement U L (t) applied to the rightend side whereas the left-end side is fixed. The external applied displacement is assumed to be monotonically increasing at a sufficiently low rate; as such, ratedependent and inertial effects can be neglected from the analysis.
For such a model, during the initial stage of the loading process, all layers experience the same homogeneous strain until the low-strain layer, assumed in the figure to be underneath, reaches its elastic limit and a first fracture appears. Being the two layers homogeneous, the position of this first crack is indeterminate by the model. The mechanical response of the fractured laminate changes abruptly and by further increasing the displacement, the different fracture scenarios (i)-(iv) described in the Introduction could occur. However, disregarding the exact failure mechanisms, the laminate is the superposition of several unit-cells (UCs) of generic length as shown in Fig. 1c .
Each unit-cell (UC) represents a portion of the laminate with one end identified by the position at which the layers experience the same displacement and the other end corresponding to the neighbour position at which a fracture has occurred. The determination of the mechanical response of the UC in terms of the displacement prescribed to the high-strain layer allows the response of the entire laminate to be obtained by simple compatibility arguments as shown in the next sections.
Unit-Cell response
In this section, the mechanical response of the UC in Fig. 1c under a prescribed displacement at Ω 1 is determined by assuming that both layers have an infinite strength, i.e., no further cracks occur apart from the one already in Ω 2 . The high-and the low-strain layers are assumed to have an elastic-brittle response with tensile moduli E 1 , E 2 and ultimate strainsε 2 <ε 1 , respectively ( Fig. 2a ). Correspondingly, the ultimate stresses
The cohesive interface Γ , whose thickness is very thin compared to the other layers, is assumed to have an elasto-plastic-brittle response for which τ = µδ if δ ≤ δ y , τ =τ if δ y < δ ≤δ and τ = 0 when δ >δ ( Fig. 2b ). Here δ(x) := u 1 (x) − u 2 (x) is the relative displacement between the two layers at a given position x, µ is the shear stiffness modulus (the adhesive shear modulus divided by the interface thickness which may embed also the contribution of the shear deformation of the cracked layer in the same spirit suggested in [19] and δ y the shear yield stress and displacement respectively andδ the debonding displacement. The interface mode II fracture toughness is the area under the curve τ (δ), i.e., G IIc =τ δ − δ y /2 . When the relative displacement δ between the layers is zero, the effects of the interface on the UC response are neglected since the adhesive thickness is evanescent and the tensile modulus of Γ is assumed much lower than the one of the layers. Note that the model [15] is recovered when δ y = 0. The response of the UC, whose length has been normalized to 1, is characterized by the three different stages elastic, elasto-plastic and elasto-plastic-delaminated for an increasing prescribed dimensionless displacement U = U C (t)/ . Initially, the UC is in its elastic stage, Fig. 3a , until the stress at the interface reaches its yield stress, namely τ =τ . By continuing increasing the displacement, a plastic region is created which evolves to- wards the fixed end of the UC. This stage is therefore called elasto-plastic stage, Fig. 3b , and lasts until the relative displacement of the two layers reaches the debonding limit, namely δ =δ. Further increments of U lead to the propagation of a delamination from the right-end side of the UC towards the fixed end which accordingly shifts and modifies the width of the plastic region. This latter stage is called elasto-plasticdelaminated stage, Fig. 3c . In the next subsections each stage of the loading process is analyzed in detail, where all equations are presented in a dimensionless form through the following non-dimensional quantities:
This non-dimensional formulation will be used throughout the paper unless differently stated. For the sake of conciseness, the superimposed hat (ˆ) will be omitted in the following.
Elastic stage
During the initial stage of the loading process, both the layers experience the same deformation and hence the adhesive doesn't contribute to the composite response and stays unstressed. The apparent tensile modulus of the UC can be expressed in terms of the tensile moduli and the thicknesses of the layers as
with E 1 , E 2 being the elastic moduli in their dimensional forms. This elastic stage ends up when the first crack appears, that is when the stress in the second layer reaches the failure stressσ 2 or equivalently the corresponding overall strainε 2 . In such a case, the configuration displayed in Fig.3a can be studied. All the materials are still in their elastic regime but the interface starts playing a role in the UC response. The non-dimensional governing equations of the problem are:
where the two non-dimensional constants K and F are given by
representing, respectively, the relative stiffness of the layers and a generalized elastic interface shear stiffness. The boundary conditions are given by u 1 (0) = 0, u 2 (0) = 0, u 1 (1) = U and u 2 (1) = 0. By introducing the dimensionless parameters α = F(K+1)/K and β = F/K, the solution of (3) in terms of the dimensionless stresses is
whereas the dimensionless shear stress at the interface is
Due to the occurrence of the crack, the stress in the second layer is released and becomes zero at the crack tip, i.e., at x = 1. As such, the stress at the interface is maximum in correspondence of the crack, whereas decreases monotonically towards x = 0.
An example of the stress evolution along the UC length is shown in Fig. 4 for K = 1, F = 3 and U = 1. The figure shows that σ 1 and τ are maximum at the crack location whereas σ 2 is maximum at x = 0; the interface yield limit is therefore reached at x = 1 and the corresponding limit displacement U y can be evaluated from (5). The apparent dimensionless tensile modulus of the UC, defined as E c := σ 1 (1)/U , is equal to
The elastic stage ends up when the interface relative displacement δ reaches the yield limit δ y , which implies the stresses σ 1 (1) and σ 2 (0) to bē
Elasto-plastic stage
Once the interface has started yielding, the elasto-plastic front evolves from the right-end side towards the leftend side of the UC till the debonding strainδ is reached. This configuration is schematically depicted in Fig. 3b where the elastic and plastic regions, respectively of dimensionless lengths e and p with e + p = 1, are highlighted.
In this case, the problem can be split into two subdomains, with the corresponding equilibrium equations given by
and the corresponding boundary conditions at x = 0 (the fixed boundary):
at x = e (continuity):
and at x = 1, where the applied displacement is prescribed:
The lengths of the two regions e and p are determined by assuming that the interface at the elastoplastic transition point attains the yield condition, i.e.,
which gives an implicit expression of e in terms of the applied displacement U ep ( e ) (Eq. (27) in Appendix). This function allows the governing equations (11) to be solved by parameterizing the problem with e and deducing a posteriori the corresponding applied displacement U = U ep ( e ). The solution in the elastic region is the same as the one in Sec. 3.1 but properly rescaled whereas the stresses in the plastic region are linear and the shear stress constant at the interface.
An example of the stress profiles along the UC is given in Fig 5. As for the elastic stage, the stresses in Ω 1 and Ω 2 are maxima at x = 1 and x = 0, respectively. The elasto-plastic stage lasts until the shear strain reaches the ultimate limit at x = 1, that is when u 1p (1) − u 2p (1) =δ (Eq. (28) in Appendix). The corresponding limit length¯ e and limit displacementŪ are evaluated by using (27) with the expression (28). Correspondingly, the maximum stress in Ω 1 is σ 1 (1) =σ pd 1 whereas the maximum stress in Ω 2 is σ 2 (0) =σ pd 2 . The quantitiesσ pd 1 andσ pd 2 are respectively given in Appendix by the equations (29) and (30).
Elasto-plastic-delaminated stage
The final stage of the loading process, depicted in Fig. 3c , is characterized by three regions: elastic, plastic and delaminated. Indeed, as soon as the interface relative displacement δ, which is maximum at x = 1, attains the limit valueδ, debonding is triggered and the delaminated region starts extending towards the left-end side of the UC with length d . Consequently, the elastoplastic region has length e + p = 1 − d , Fig. 3c . In the delaminated region, the stress is not transferred between the layers, thus the structural problem can be decomposed into two subproblems. The former, associated to the subdomain x ∈ [0, e + p ], can be studied by rescaling the elasto-plastic problem already investigated in Sec. 3.2. The latter, which is associated to the subdomain x ∈ [ e + p , 1], is a linear elastic problem in which all loading is carried by Ω 1 whereas Ω 2 is unstressed and, therefore, rigidly shifted (see Fig. 6 ). 
for the first subproblem, whereas for the second subproblem 
at x = e + p (continuity):
By using Eq. (16), the solution of the second subproblem is σ 1d = const. and σ 2d = 0 (21) which coupled with the solution of the first problem (15a)-(15b), derived in the previous section, allows the stress evolution in the entire UC parametrized with respect to d to be obtained. An example of the stress profiles in this stage is given in Fig. 7 .σ The maximum stresses in Ω 1 and Ω 2 are attained for each loading stage at x = 0 and x ∈ [ e + p , 1], respectively; their values can be calculated from Eqs. (9)-(10) and Eqs. (29)-(30) which by comparison with the corresponding limit stressesσ 1 andσ 2 determine the state of the UC, e.g., elastic, elasto-plastic or elasto-plasticdelaminated. It is worth remarking that the stress σ 1 (1) monotonically increases with the displacement whereas σ 2 (0) increases during the elasto-plastic stage but decreases during the propagation of the delamination, meaning that the capability of the interface to transfer stresses between the layers is progressively reduced. As a consequence, the failure of the low-strain layer Ω 2 (fragmentation) can only occur during the elastic-or elastoplastic stages. The evolution of the stress within the layers for an increasing displacement is given in Fig. 8 for K = 1, F = 3, δ y = 1,δ = 3 and d = 0.2.
According to whether the low-or high-strain layer reaches the ultimate strength first, several evolution scenarios in the response of the UC may occur. If during the elasto-plastic stage the low-strain material Ω 2 reaches the ultimate strength, fragmentation occurs which could possibly lead to a diffuse delamination. On the contrary, if the high-strain material Ω 1 fails first, the entire UC collapses.
Laminate response
The construction of the laminate global response can be algorithmically derived from the UC response by taking into account all the possible failure scenarios.
Initially the undamaged laminate is elastically loaded until the uniform strain in Ω 2 reaches the critical valuē ε 2 and a crack appears. The corresponding stress and strain, normally indicated as yield stress and yield strain, are
with E c being the apparent tensile modulus of the undamaged laminate in (2) . Having assumed the two layers homogeneous with no imperfections, the position of the first crack is indeterminate. However, the presence of the crack allows the fractured laminate to be regarded as two UCs in series with possibly different lengths, whose response is completely known by the analysis carried out in the previous section. For an increasing applied displacement, the laminate response is given by the response of the two UCs until the ultimate strength limit is reached either in the high-strain or in the low-strain layer. In the former case, the entire laminate fails. In the latter case instead, another fracture in Ω 2 occurs where σ 2 is maximum, i.e., at the fixed end of the longest UC. Correspondingly, the laminate can be analyzed as a three UCs chain and the previous analysis can be repeated leading to an increasing number of UCs until the highstrain layer reaches its ultimate strength.
It is worth noting that for a n-UCs chain the maximum stress in the low-strain layer is attained either at the center of the furthest contiguous cracks or at one laminate end. This last situation is likely to occur if the distance between the laminate end and the closest crack is larger than half of the size of the largest distance between two contiguous cracks. Moreover, no further fracture of Ω 2 could occur if the delamination of the interface has started. This property guarantees that diffuse delamination is most likely to be triggered.
One of the objective of the present analysis was the accurate prediction of the different failure modes of the laminate; this is indeed a key feature to assess its pseudo-ductile performance. In this respect the damage mode map (DMM) introduced in [13] is an effective design tool and allows the different failure scenarios to be outline in a 2D plot in terms of the geometric properties of the composite layup. In particular, case fm = f-3 → l min =l; 13 l = lmax, fm = FMF(lmax) Fig. 9 : The failure-mode prediction algorithm (FMPA).
In the algorithm fm stands for failure mode and f-1/2/3 represent the different failure mechanisms described in Tab. 1. The failure mechanism function (FMF) is defined in the Appendix, Fig. 13 the DMM is usually plotted against the relative thickness h 2 /h and the absolute thickness h 2 . This choice is useful to give a very effective and clear representation of the four regions that identify the failure mechanisms: (C) C atastrophic delamination, (D) fragmentation and diffuse Delamination, (F) F ragmentation and (P) P remature failure of the high strain material. The curves that limit each region are shown in Fig. 10 and are labeled C CP , C DF for the case of incipient debonding and C CD , C FP for the case of of fragmentation.
The base idea for assembling the DMM is the failuremode prediction algorithm (FMPA) shown in Fig. 9 and based on a trial-error scheme. The algorithm seeks the maximum UC length at which the ultimate failure mode occurs, namely a complete delamination or the failure of the high-strain layer. More specifically, the function FMPA is used to determine the minimum length at which two different failure mechanisms simultaneously occur; the full DMM is recovered by spanning the entire range of admissible layer heights.
The closed form expressions for the limit curves cannot be obtained with an elasto-plastic interface. Nevertheless, it can be shown numerically that these curves coincide with those of an elastic-brittle interface model (δ y =δ) with the same fracture toughness and maximal shear stress. In this latter case the solution can be explicitly found by deriving the expression of the max-imum elastic stress (force) in Ω 1 at which each failure mechanism occurs; the limit curves can be determined by imposing that two failure mechanisms simultaneously occur. The failure of the high strain layer occurs when the dimensionless force s 1 := σ 1 /E 1 equals the limit valuē s 1 :=σ 1 /E 1 , namely
Similarly, the failure of the low strain layer occurs when the dimensionless forces 2 =σ 2 h 2 /(E 1 h 1 ), which corresponds to a fragmentation of the composite, is attained. The explicit condition in terms of the non-dimensional material parameters and the force s 1 reads
A delamination of the interface occurs if u 1 − u 2 =δ, which leads to the condition, in terms of the dimensionless material parameters and the force s 1 ,
Based on previous results, the limit curves are hereafter expressed by making explicit h 2 as a function of h 1 at fixed material parameters:
curve C CP is obtained by assuming the contemporary occurrence of debonding and the high-strain layer failure, hence conditions (f-1) and (f-3), for a laminate of infinite length. This leads to the explicit law
curve C CD is obtained by assuming the contemporary occurrence of debonding and fragmentation, hence conditions (f-2) and (f-3), for a laminate of infinite length. This leads to the explicit law curve C DF is obtained by assuming the contemporary occurrence of debonding and the high-strain layer failure, hence conditions (f-1) and (f-3) but within a fragmentation regime (f-2). This leads to the explicit law
curve C FP is obtained by assuming the contemporary occurrence of fragmentation and high strain material failure, hence conditions (f-1) and (f-2), for a laminate of infinite length. This leads to the explicit law
An example of the DMM and respective limit curves is shown in Fig. 10 with the constitutive parameters of Tab. 2a and Tab. 2b.
Results and Discussion
In this section, the prediction of the model is compared to some experimental results in [8] . In particular, the analysis is focused on two layups, made of thin glass (Ω 1 ) and carbon (Ω 2 ) plies, for which pictures at failure of the upper surface are shown in Fig. 11 . The failure mechanism and the presence of bounded and unbounded interfaces is clearly shown in the pictures as well as the characteristic crack spacing dependent upon the laminate layup. 
Fragmentation
Premature Ω 1 failure
Catastrophic delamination
Fragmentation and diffuse Delamination Fig. 10 : Damage mode map built with the constitutive parameters of Tab. 2a and Tab. 2b with corresponding limit curves (gray lines) and validated against experiments in [8] of standard glass/carbon laminates (black circles and black dots, this last considered in detail in Sec. 5). Green dots, red dots, green squares and blue squares stand for regions D, F, C and P respectively. The size of the dots is proportional to the crack spacing length at failure
The material and geometrical properties of these considered laminates are listed in Tab. 2 together with δ and δ y = 2(δ − G IIc /τ ). The value ofδ has been derived by fitting the proposed model against the experimental data in terms of the characteristic crack spacing. The expected failure mechanisms according to the damage mode map in Fig. 10 are: fragmentation for the G 2 CG 2 layup (Layup 1) and fragmentation with diffuse delamination of the interface for the G 2 C 2 G 2 laminate (Layup 2); this latter confers to the laminate a pseudoductile behavior.
The global structural responses of the laminates, subjected to an uniaxial tension test, are determined by fitting the model in Sec. 4 and compared to the experimental results in Fig. 12 . The good agreement between the simple proposed model and the experiments is clear from the figure where the slight differences are likely due to the presence of defects in the real materials, not accounted by the model, and the neglecting of 2D inplane effects which may play a significant role when strong inhomogeneities and stress localizations occur. It is worth remarking that the abrupt release of energy triggered by the crack initiation may produce a local dynamic process which could end up in overload- ing the interface and possibly trigger a delamination. This indeed seems to occur in Layup 1 where a diffuse delamination at failure can be seen from Fig. 11a with the carbon layer debonded from the glass layer in the surrounding of the cracks, although the prediction by the DMM of a pure fragmentated response. Despite having small differences in the stress-strain curves, the proposed model is able to predict the crack spacing seen in the experiments whereas the model in [14] with a rigid perfectly plastic interface underestimates it by 50% (see Tab. 3 and Fig. 11 ). This is due to the additional parameter introduced in the interface constitutive law with respect to the rigid perfectly plastic model in [14] . whereas the corresponding values in [14] are G e IIc = 0.0 N/mm and G p IIc = 1.0 N/mm. Such a feature of the model would allow a more accurate prediction of the effective bond length as discussed in [10] .
Conclusions and Perspectives
In this work, a one-dimensional analytical model for the description of UD hybrid laminate has been proposed and used to describe the mechanical response and the failure mechanisms of the composite subjected to a tensile loading. The model assumes elastic-brittle layers and cohesive elasto-plastic-brittle interface.
The global response of the composite has been obtained by first deriving the response of a unit-cell and then by iteratively reconstructing the response of the entire laminate. The same algorithm is used to investigate all the possible failure scenarios in terms of the layup geometric properties.
The boundaries of the different damage regions have been fully characterized and closed form expressions for of the limiting curves were derived. As such, the model can provide an efficient and effective way to investigate experimentally new composite layups. Compared to a model with a rigid-perfectly plastic interface, such as [14] , the proposed approach with a cohesive interface has allowed both a more accurate prediction of the crack spacings (underestimated by 50% in the perfectly plastic model) and a good agreement with the stress-strain curves. These latter evidenced the presence of a pseudo-ductile response. Moreover, the capability of the interface to store elastic energy removes the indeterminacy of the crack location in the low strain layer usually seen in rigid-perfectly plastic models. Indeed when the cracks spacing is large, the location of the next crack is determined in the actual material by imperfections as the stress in the layers is almost constant away from the existing crack. Nevertheless, it is reasonably expected that the introduction of a statistical variation of the parameters affects weakly the final crack spacing.
The proposed analytical approach could be extended by taking advantage of the variational framework used in [3, 4, 1, 2] to two dimensional problems. Crack pat-terns similar to the ones observed in [17] with the simultaneous occurrence of debonding and fragmentation are expected.
A Failure-mode function Eq. (27) gives the implicit relation between the applied displacement and the length of the elastically reacting interface during the elasto-plastic stage of the UC. Instead, (28) allows to determine the maximum length¯ e of the elastically reacting interface at which delamination is triggered. Eqs. (29) and (30) give respectively the maximal stresses in the low-strain and high-strain layer as soon as delamination is triggered.
Uep( e) = (2 + (1 − e) 2 α + (1 − 2 e ) β) α − 2β + 2 
